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STX³~Vlgmi£m~|Krt¬dsfX"egm yXJr¤degTVmcrtlg¥]mpcÂegr]c enjVaX¢dmc enXhiXyÁ²jViVmpoyjX&iVXcnc|i~VlnXc XhiKe|}ibjVW7X&lgmp&|
|ti|adc mpcr¤X|¥4cnrtjdenmrti£c¤§rtlenTX±¤§rtrRmiV7oyj£|tcnmmiXh|lXhm~Venmp±~Vlnry¬VX&W?>
{
−u′′(t) + G(t, u′(t)) = F (t, u(t)) + f in (0, 1)
u(0) = u(1) = 0
@)ACB
TX&lgX
G, F : [0, 1]×R → [0, +∞[ |tlnXW7X|tcnjVlg|t¬VXJ|i&rtiKenmibjVrtjcÂmªegTlnXc ~LXheÂenr u′ |i£ u Á f mpc|±ym yX&iµiVmenX[iVrti$iVXhy|enm tXW7Xh|yc jVlgXrti
(0, 1)
°`bjT$~Vlgrt¬VX&W$cJ|tlnmpcnXhc¤§lgrtW¡¬Vmryrytmp&|tÌÁtTX&W7mh|
|ti ~VTbadcnmh|]cnadcfegX&W$c4|ti R|lgmrtjc4WX&enTVrdVcT|yX¨¬£XhX&i ~Vlnry~£rKc X)¤§rtlcfegjda)enTX­X¢dmpcfegX&i&XtÁ
jiVmoKjVXhiVXhcgchÁoKj|tmeg|enm tX~Vlgrt~LX&lnenmXhcÂ|ti ibjVW7X&lgmh|tcnmWjVp|Renmrti±rt¤dcnrtjdegmryic @ c XhX4D AEAF ÁGD A  FHB °JI TVX&i
f
mpc}lgX&tj|tlhÁVme]mpc~Vlgrtj tXhmiKD A  F enT|e[mª¤ @LACB T£|tc[|7irtiViVXhy|enm tXcnjV~£Xhlgcnrtjdegmryimi
W 1,∞0
egTVX&i
@LACB T|tc |>cnrtjdenmrtiEmi
W 1,∞0
⋂
W 2,p
°±Y}rtenX/enT|e TVXhlnXenTVX7c j~£Xhlgcnrtjdenmrti¨mpc]lnXoyjmlgXhegr R|iVmpcnT
|eegTVX¬£ryjViV|tlnay°¯STVmpc7~Vlgr KmpdXc|ti)|·~Vlgmrylnm~£rymiKefmpc XXhc enmW$|RegX0¤§ryl
u′(0)
|i£
u′(1)
°«STVX
¬LrtjidXhViVXhcgcrti
u′
rti0enTVX/TVrtXc X&e
(0, 1)
mcenTVXhiry¬deg|tmiXh¬ba4|7W$|R¢dmWjVi~Vlnmi&m~VX|~~VmXh
egr4egTVX7XhoKj|enmrti­cg|Regmc µXh­¬ba |u′|2 °STVX&rti tX&¢dmªefar¤ s → G(t, s) mc]egTVXXcncnX&iKegm|tmiVylnXdmXhiKeh°\­|iba|jdegTVrtlc%dX|emenT/enTVmpc~Vlgrt¬VX&W TVXhi
f
mpc%mlnlgX&yjVp|l|ti
G
mpccnjV¬;oKj|tdl|Regm³mªegT/lgXhcn~£X"e
egr
u′
i£|W7X&a>
|G(t, r)| ≤ c(g(t) + |r|2), g(t) ∈ L1(0, 1), c > 0 @  B
STX&aEcnTVrRXenT|ehÁ´m¤
G
cg|Regmc ¤§a @  B Á @)A%B T|yc±|4cnrtjdenmrti
u ∈ H10 (0, 1)
~Vlgr bmdXenT£|Re @)A%B T|yc]|
cnjV~LX&lc ryjVenmrti4mi
W 1,∞(0, 1)
c XhXMD  F ÁND  F |ti0enTVXlgX¤§XhlnXhiXcenTVXhlnX±miÂ°
STVX&|yc XTVX&lgXJegTVXc jV~LX&lcnrtjdenmrtimegcnX&¤£mpc%mlglnXhtjVp|lÂT£|tX³¬LX&XhieglnX|RenXmiODÔ F ÁRmªe	mc| c ryjdegmryi
mi
H10 (0, 1)
enTVXhi @LACB T£|tc|7c ryjVenmrtimi
H10 (0, 1)
~Vlgr KmpdX$enT£|Re
G
cg|Regmc ¤§a @  B °
zi­enTVmpc[rtlg¥4X|tlnX/~|lnenmpjVp|lga0miKenX&lgXhc enXmi·c menj|enmrtic]TVXhlnX
f
mpc]mlglnXhtjVp|l]|i¨TX&lgX
egTVX[ylnrRegT$r¤
G
menT>lgXhcn~LXh"eenr
u′
|i
F
menT4lnXc ~LXhe³enr
u
|tlnX[|tln¬mªeglg|tlnay°wÂX&ejcW$|¥yX[c ryW7X
~lnXmenmrticryi0W7rddX&%~Vlnry¬VX&W-m¥yXP>
{
−u′′(t) + |u′(t)|q = |u(t)|p + f mi (0, 1)
u(0) = u(1) = 0
@ ; B
TX&lgX
p, q ≥ 1 |ti f ∈ M+B (0, 1)
ÁenTVX/cnXe]r¤iVrtiiVX&K|Renm tX µimªegX/W7Xh|yc jVlgXrti
(0, 1)
°QI·Xc TVrR
TX&lgX]egT|Re}m¤enTVXcnX&W7mmiVXh|tl~Vlnry¬VX&W?>
{
−w′′(t) = |w(t)|p + f mi (0, 1)
w(0) = w(1) = 0
@  B
T£|tc|$cnrtjdenmrtienTX&i @ ; B T|tc[|$c ryjdegmryiÂ°³{XhW$|lg¥>TVX&lgX|iba>lgXhc enlgmp"enmrti¤§ryl
p
|i
q
mcmW7~£rKc X´°
Rrtl|iX&X&K|iKecfegjda>rt¤ @  B rtiVX&|ti0cnX&i0enTVXrtlg¥7r¤qJmXhlnlgX|iTS|l|tc3DÔ F °z¶¤
w′(0) = +∞ rtl
w′(1) = −∞ egTVX&i w /∈ W 1,∞0
|i£4ry¬ bmrtjcnaegTVXp|tcgc mp&|t´|~V~Vlgry|yT$¤Ê|mpcenr7~Vlgr KmpdX]X¢dmc enXhiX
mi @ ; B |tiiVX& enXTViVmpoyjXhcT|yX[egr7¬£XjcnXhÂ°UI·XdXcn&lnm¬LX±cnrtW7X±r¤enTX&W'TX&lgXt°
v[iVregTVX&l$|~~VlnrK|tTc enjVmXTVXhlnXmc/enTXibjVW7Xhlnmp&|t|t~V~Vlgr²¢bmW$|Regmryi®rt¤}enTXcnrtjdenmrti¯enr·enTVX
~lnry¬VXhW @)A%B °STVX$W7ryc emW7~Lrtlneg|tiye/Vmªµ£&jVenmXhc|tlnX$mi®enTVmpc/|t~V~Vlgry|tT­enTVX4jViVmpoyjX&iVXcnc|ti·enTVX
¬rRjV~r¤enTX±cnrtjdegmryiÂ°
òò ÎVù ö9W û
 !.P ! :
STVXtXhiVX&l|%|tyrtlgmªegTVW-¤§ryl[ibjVW7X&lgmp&|c ryjdegmryi¨r¤	enTmc]XhoKj|enmrticmpc]rtiVX/|t~V~Vmh|Regmryirt¤enTVX
Y[X&egrtiWX&enTVrd0enr7egTVXdmpcn&lnX&eg|tmhXh yX&lc mrti0r¤	~Vlgrt¬VX&W @LACB >
Rmi£
U ∈ Rm cnjT4egT|Re A U = H(U) @  B
TX&lgX
A
mpc|7c ~£|lX±W$|Renlgm¢0|i
H : Rm → Rm mpc}|iVrtiVmiVXh|tlry~£Xhlg|enrylh°STVXY[X&egrti¨|trylnmenTVW mpctm tXhi0¬ba>



TVrycgcnX
U0
mi¨|iVX&mtTb¬LrtjVlgTVrbrd4rt¤%enTXc ryjdegmryi
|icnrt tX±jViKenm%ryi tX&lgtXhiX
(A − H ′(Uk) Id) (Uk+1 − Uk) = −A Uk + H(Uk)
@EB
TX&lgX
H ′(Uk)
mpcJegTVX±y|yrt¬m|ti$W7|enlgmª¢$rt¤ÂenTVX rt~LX&l|Regrtl
H
ryW~jdenX>mi
Uk
|ti
Id
mpc|/W$|Reglnm¢
rt¤mpdXhiyegmªefa®mi
Rm
°STmcW7X&enTVrdryi tX&lgtXc±oyj£|tdl|Regmh|a¨TVX&imeryi tX&lgtXc&°0uryi tX&lgtXhiXc
VX&~LX&i7mi>~|tl egm&jV|tlmi>enTVX[Trtmpc Xrt¤
U0
|iegTVX}X&¢bmpc enX&i£X[|ti7jViVmpoKjVX&iVXcncJr¤Âc ryjVenmrtic³r¤;enTVX
miVXh|tl cnadcfegX&W @ B °±zi¨enTXh|tcnX/r¤~Vlnry¬VX&W @)A B enTXW$|Reglnm¢
A − H ′(Uk)Id mc]r¤ØegTVX&i®c miVtj|tlh°uryicnmdXhlenTVX±¤§ryrRmiX&¢V|W7~VXP>
{
−u′′(t) = α u(t) + β in (0, 1)
u(0) = u(1) = 0
@  B
TX&lgX
α
|i
β
¬£XhryiVycegr
R
°z¶emc}Xh|tcna7enr yX&lgmª¤§a7egT|Re @  B T£|tX±|imidµ£iVmªefa0r¤	c ryjdegmryicTVXhi
α = (2πp)2
° Rrtl}|
B ∈ R Á ∃ uB cnrtjdenmrtir¤ @  B TX&lgXP>
uB(t) =
β
α
(1 − cos(p π t )) + B sin( p π t ) @EB
z¶¤X±ryicnmdXhl|p|tcgcnmh|;dmcglgXegm|Regmryi4r¤
u′′
¬ba>|µ£iVmªegXdm;X&lgX&i£XhccgTVX&W$||i0TVrbrycnX
α
|ti
XhmyX&i R|jVXhcrt¤egTVXW$|Renlgm¢
A
°JSTVXY[X&enryi¨cnTVXhW$|mpclgmªenenX&i¨|yc¤§rtrR}c >
(A − α Id) (Uk+1 − Uk) = −A Uk + H(Uk) @	EB
uXh|tlnaenTVXW$|enlgmª¢
A− α Id mpcc miVtj|tl|ti>egTVXc adc enXhW @
	PB T|tX]iVreiVXXcncg|lga$|cnrtjdegmryi4rtl|midµiVmenXibjVW¬£Xhlr¤c ryjVenmrticm¤ −A Uk + H(Uk) ∈ Im(A − α Id) °Srr tXhlgh|W7XenTVmpc³Vm>jªefaX[miKenlgrddj&X[|drtW$|tmi>dXryW~Lrycnmenmrtienr/&rtW7~VjdegX[|i>|t~V~Vlgr²¢b©
mW$|Regmryi$r¤
δuk = uk+1 −uk ¬KaenTX[lgXhcnrtjdenmrti7r¤%|/c XoyjX&i&X}r¤´~Vlgrt¬VX&W$c³r¤;efab~£X @)A B mi4cnjV¬cnXe
Ωi
r¤
(0, 1)
ÁJcnjTegT|Re
Ω =
⋃
i=1,K
Ωi
°STVX0mpdX|Er¤egTVXWX&enTVrd«&|W7Xc¤§lgrtWenTX4¤§ryrRmi
lgX&W$|tln¥ D A  F >
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 9

0 ≤ a < b ≤ 1  ai ∈ L∞(0, 1)  (9 i = 1, 2  ( |b − a| &$'$M1U  C

H:,
H: 59
  − d
2
dt2
− a1(t)
d
dt
− a2(t)Id
:M 19$1
(a, b) 
I®X$T|tXrtlgy|tiVmhXhegTVmpc±~|~LX&lmi­egTVX¤§rtrRmiVW$|iVXhlh°zi¦cnXh"egmryi¦4Xym yX/egTVX7~VlgXhmpcnX
cnXenenmiV¨r¤enTX>~Vlgrt¬VX&WÁX$~VlgXhcnX&iKe|¨|~~Vlnr²¢dmW$|RenX7Xoyj£|Renmrti®¤§ryl @)ACB |i®X$~Vlnr yXenT|eenTVX
X&¢dmc enXhiXr¤LX|¥cnjV~LX&lc ryjdegmryic	mW~mXhcegTVXX¢dmpcfegX&i&Xrt¤£Xh|t¥c ryjdegmryichÁmªegTVrtjVe³|ibalnXcfeglnmp"©
egmryi¨r¤	enTXtlgrRenTr¤
G
menT¨lgXhcn~£X"e}egr
u′
ÁVegTVmpc}lgXhcnjVªe]tX&iX&l|mcnX enTVXp|tcgc mp&|t´lnXc jVe[rt¤4D A  F Á
DÔ F |ti D  F °
zic X"enmrtiT;X[~VlgXhcnX&iKe|ti4|~~Vlnr²¢dmW$|Renmrti$cgTVX&W7X[¤§rtl~Vlnry¬VX&W @)A%B ¬|yc X$rti>enTVX`dTb|tl e
r yX&lg|t~V~VmiVVrtW$|miVXdXh&rtW7~Lrycnmªegmryi0W7XegTVrd´Á&rtW/¬miVX4menTµimªegXX&X&W7X&iKe}W7XegTVrd´°
×§ñòÂ×Øâ
 	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   ±
}±
"!$##-(«
30	}
STlnryjVtTVryjdeenTVmpc~|t~£XhlXcnjV~V~LrycnX
f
mc}|iVryiViVXhy|Regm yX[µ£iVmªegXW7Xh|tcnjVlgX±rti
(0, 1)
@LA  B
|ti
G, F : [0, 1] × R → [0, +∞) |lgX±c jTegT|Re G, F |lgX±W7Xh|tcnjVl|¬VX
STX±¤§jVi"egmryic
r → G(t, r), F (t, r) |lgX &rtiKenmibjVrtjc|° Xy° t @LAPACB
F (t, .)
mpciVrti£dXh&lnX|tcnmiV|i
G(t, .)
mc[rti yX¢´Á @LA  B
∀r ∈ R, G(., r), F (., r) |lgX±miKegX&tl|¬X rti (0, 1) @LA ; B
G(t, 0) = min{G(t, r), r ∈ R} = 0 |i£ F (t, 0) = 0. @LA  B
Y[rR X±miKenlgrddj&X]egTVXiVrtenmrtir¤	X|¥>cnrtjdenmrtiÂÁVcnjV~LX&lc ryjVenmrti|icnjV¬cnrtjdenmrtijcnXh0TVX&lgXt°
 ¹	  	Ê½
   ( 
6
u
&$ $9 
    $#
6 )(M (
{
u ∈ W 1,∞loc (0, 1)
⋂
C0[0, 1]
−u”(t) + G(t, u′(t)) = F (t, u(t)) + f 1 D′(0, 1)
@LA  B
 	 5 .P'1
=
" ≥ (9'  $C59$#
 " ≤ (9' $9$#
60¹ 	¯d!   ¦zi @)A  B
u ∈ W 1,∞loc (0, 1)
ÁjcnmiV @)A ; B X$T|tX
G(t, u′(t))
|ti
F (t, u(t)) ∈
L1loc (0, 1)
°#"}X&i£XX yX&lga7enXhlnW mi @LA  B W$|¥yXhccnX&icnXt°
STVmpcXhi|¬VXhcj£cenr>c eg|RegX enTVXW$|milnXc jªer¤enTVmpc~|t~£Xhlh°
$&% ¹b½  ¹ 	  (' 3$$*
H:
)*,+-  
f ∈ M+B (0, 1)
    $$*
H:
4
19	 /.P&$
$ $9#
6
w
(9
H:85 	09.9 
{
w ∈ W 1,∞loc (0, 1) ∩ C0[0, 1]
−w′′ = F (., w) + f 1 D′(0, 1)
@LA EB
 9
w
&$$C5:$#
6 )(12 
H:	'/.E&$
Q1 $#
6
u
L(13M$ 
H:

u ≤ w 0¹ 	¯d!  54 A%B z¶eJcnTVrtj¬£XiVrtenXegT|Re	enTX&lgXmpciVreylnrRegT/lgXhc enlgmenmrtiryi/egTVXrRX&lrtldX&l
irtiVmiXh|lgmefa¨r¤
F
|i
G
° l° e°
u
|ti
u′
lgXhcn~LXh"egm yX&at°1"}XhiXenTX$~VlnXc XhiKe]egTVX&rylnXhWÀX¢benXhiVc
cnrtW7X±lgXhcnjVªecmi DÔ F ÁND  F °
 B RVryl}|iba$µimªegXiVrtiViX&y|enm tX W7Xh|tcnjVlgX
f
ÁbenTVX~Vlgrt¬XhW >
{
w ∈ W 1,∞0 (0, 1), w ≥ 0
mi
(0, 1)
−w′′ + G(t, w′) = f mi D′(0, 1)
@LA  B
T£|tc|jVimoKjVX>cnrtjdenmrti
w
ÁcnX&X D AF Á|ti¦lnXhW$|lg¥ETVX&lgXenT|e
w
mpc/|¨cnjV¬cnrtjdenmrti®r¤enTX>~Vlgrt¬VX&W
@LA  B °
òò ÎVù ö9W û
 !.P ! :
  	

 !"
Rrtl
n ≥ 0 ÁdXryicnmdXhlenTVX$#JrKc mpV|7|~V~lnr²¢dmW7|enmrti Gn(t, .) r¤ G(t, .) dX&µiVX0¬ba>
Gn(t, r) =



G(t,−n) + G′r(t,−n) (r + n)
m¤
r ≤ −n
G(t, r)
m¤ |r| < n
G(t, n) + G′r(t, n) (r − n)
m¤
r ≥ n
@LA EB
TX&lgX
Gr
′ dXhiVregXhc|7c X"egmryi0rt¤egTVXc j¬Ldm ;X&lgX&iKenmp|´rt¤ G mªegTlnXc ~LXheegr r °STVXhi
Gn
cg|Regmc µXhc @LAPA B © @)A  B |i£
Gn ≤ G , Gn ≤ Gn+1
@LA 	EB
egTVX&i
Gn(t, .)
mi&lnX|tcnXhc|V° Xt°	egr
G(t, .)
|tc
n
enX&i£Vcenr7midµiVmefat°
vhrtldmiVegrenTX[lgXhcnjVªemi D AF ÁDÔ F egTVX&lgX[X&¢dmc egc|/cnXhoKjVXhiX
(un)
r¤%cnrtjdegmryi$r¤´enTX[~Vlgrt¬VX&W?>
{
un+1 ∈ W 1,∞0 (0, 1)
−u′′n+1 + Gn+1(t, u′n+1) = F (un) + f
mi D′(0, 1)
@  B
TX&lgX
u0 = w
°
 %  &(') '+*-,./'0'12345768!
zirylgdXhlenr$~Vlgrbr¤enTVXenTVXhrtlgX&W
2.3
X~Vlnry~£rKc X egr4c Xhi
n
egr$miVµiVmefa0mi @ t B °QRVrylenTVmpc}Xm
iX&XhcnrtW7X±Xhc enmW7|enXc~|tcgcnmiVenregTVXmW7mªe°
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a(t) ∈ L1loc(0, 1)  v ∈ W 1,1loc (0, 1) ∩ C0[0, 1]
$ 
1

{
a(t) v′(t) ∈ L1loc(0, 1)
−v′′ − a v′ ≥ 0 1 D′ (0, 1)
@  ACB
 9
v ≥ 0 1 [0, 1]  `dX&X|~VlgrKrt¤mi D AF¹ 	 	  <;  9

u ∈ W 1,1loc (0, 1)  v, v ∈ L∞(0, 1)
 
µ ∈ M+B (0, 1)
$ 
1
>=



v ≤ u ≤ v 1 (0, 1)
−u′′ ≤ µ 1 D′ (0, 1)
−v′′ ≥ µ 1 D′ (0, 1)
@ t B
 9
u ∈ W 1,∞loc (0, 1) 
 
|u′(t) | ≤ 1
d(t; a, b)
(c(a, b) + ||v||L∞ + ||v||L∞ + ||µ||MB )
@ ; B
(9,1
0 < a < b < 1 @? 9	 d(t; a, b) = min(b − t, t − a)   c(a, b) &$  :$
 
E 5 1 ?
a

b w%X&W7W$| @ d° EB Á%m³~Vlnr bmpdX
W 1,∞loc (0, 1)
Xhc enmW7|enXc ¤§rtl±enTX>|~V~Vlgr²¢dmW$|enX7c ryjdegmryi
un
°OSjde
egTVmpcXcfegmW$|enX±drti e|rR jcegr~|ycncegr/egTVX]mWmemi4enTVX±iVryiVmiVX|lenXhlnW$ch°-I®X±iVX&X$egTVX c enlgrti
&rti tXhlnyX&i&X[rt¤
un
mi
W 1,∞loc (0, 1)
°I·Xry¬deg|tmi0enTmclgXhcnjVe¤§lnryW-enTX±¤§rtrRmiV7wÂX&W7W$|V°
×§ñòÂ×Øâ
 	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(un)n ⊂ W 1,∞0 (0, 1)
$?
H:
 
un → u
$
6	 0" 1
L∞(0, 1)
@ R B



w ≤ u ≤ un ≤ w
−u′′ ≤ µ 1 D′ (0, 1)
−w′′ ≥ µ 1 D′ (0, 1)
@ t B
 9
u′n → u′
$
6	 P#"1
L∞loc(0, 1)  ½Â½[½  ¹ 	 	  :; wÂXe
0 < a < b < 1
|tiX&e
ϕ
enTVX&|~£|tmefa4~LregX&iKenmp|r¤
[a, b]
°}STX
¤§ryi"egmryi
θ = v − u cg|Renmpc µXhc
{ −θ′′ ≥ 0 mi D′(0, 1)
θ ∈ W 1,∞loc (0, 1) ∩ L∞(0, 1)
@  EB
I®XT|tX
∫ b
a
−θ′′ =
∫ b
a
−θ′′ ϕ ≤
∫ 1
0
−θ′′ ϕ =
∫ b
a
θ ϕ′′ ≤ c(a, b) + ||v||∞ + ||v||∞
@ y B
STX&i
∫ b
a
−u′′ =
∫ b
a
−θ′′ + µ ≤ c(a, b) + ||v||∞ + ||v||∞ + ||µ||MB(0,1)
@  EB
Z]c miV$|7c mW7mp|legXhTVimoKjVXyÁVXdXdj&X]egT|Re¤§ryl
a < x < y < b,
X T£|tX
u′(x) − u′(y) ≤ c(a, b) + ||v||∞ + ||v||∞ + ||µ||MB(0,1)
@  	EB
ziKegX&tl|RegX]° l° e°
y
r tXhl
(x, b) ,
enr7µ£i >
(b − x)u′(x) ≤ (b − x) ( c(a, b) + ||v||∞ + ||v ||∞ + ||µ||MB(0,1))
≤ c(a, b) + ||v||∞ + ||v||∞ + ||µ||MB(0,1)
@ ;t B
ziKegX&tl|RegX]° l° e°
x
r tX&l
(a, y),
enr7ry¬deg|tmi
u(y) − u(a) ≤ (y − a)(c(a, b) + ||v||∞ + ||v||∞ + ||µ||MB(0,1) ) + (y − a)u′(y).
@ ; ACB
STX&iXdXdj&X]egTVX±¤§rtrRmiV7jVimª¤§rylnW-rd&|t´Xhc enmW7|enX
∀x ∈ [a, b] , ||u′(x) || ≤ 1
d(x; a, b)
(c(a, b) + ||v||∞ + ||v||∞ + ||µ||MB(0,1))
@ ;y B
TX&lgX
d(x; a, b) = min(x − a, b− x).  ½Â½½  ¹ 	 	  	 
 Sa>X&W7W$| @ V°  B ÁdX±T|tX
u ∈ W 1,∞loc (0, 1)
|i
∀x ∈ [a, b], ||u′(x) || ≤ c(a, b) + ||v||∞ + ||v||∞ + ||µ||MB(0,1).
@ ;P; B
òò ÎVù ö9W û
 !.P ! :
I®X±enTX&i¨ryic mpdXhlegTVX±¤§jVienmrti
θn = w − un
cn|enmpcfµ£XhcenTVXXoKj|Regmryi
{
−θ′′n ≥ 0
mi D′ (a, b)
0 ≤ θn ≤ w − u ∈ [0, 1]
@ ; B
w%Xe
ϕ
egTVX&|t~|t&mªefa4~£rtenX&iKegm|t´r¤
[a, b]
ÁbenTX&iX±T|yXP>
∫ b
a
|−θ′′n| =
∫ b
a
−θ′′n =
∫ b
a
θ′′ ϕ ≤
∫ 1
0
−θ′′ ϕ ≤
∫ 1
0
−θn ϕ′′ ≤ c(a, b)
@ ;y B
θn = w − un
rti yX&lgtX}egr
w − u mi L∞(0, 1) @ ; EB
|ti|~V~Vabmi7v]cn&rtm c enTX&rtlgX&WÁbegTVXXhW7W7|¤§ryrR}ch°
  ½Â½½  % ¹  % ¹b½  ¹ 	   (' °Rmlgc eX~lnr yX
w ≤ un+1
¤§rtl}|t
n ≥ 0 @ ;K B
ST£|iV¥dcenr @  B |ti0enTVXdX&µiVmenmrtir¤
w
ÁdXrt¬de|mi
− (un+1 − w)′′ + G(u′n+1) − G(w′) ≥ 0
mi D′ (0, 1) @ ; EB
j£c miV @)AEA B X egTVX&iT|yX



− (un+1 − w)′′ + an (un+1 − w)′ ≥ 0
mi D′ (0, 1)
un+1 − w ∈ W 1,10 (0, 1)
an (u
′
n+1 − w′) ∈ L1(0, 1)
@ ; 	EB
TX&lgX
an ∈ ∂G(., u′n+1) ∈ L1(0, 1)
°Y}rRNX&|i¨|t~V~Va4X&W7W$| @ V°  B ÁdegTVX&lgX¤§rylnX
w ≤ un+1
mi
[0, 1]
mT~Vlgr tXc @ ;K B °
w%Xe}jcirR2~Vlgr tX ¬Ka0mi£dj"egmryienT|e
un+1 ≤ un ≤ w
mi
[0, 1]
¤§rtl}|t
n ≥ 0 @ y B
Rrtl
n = 0
Ádj£c miV @LA PB Á @ t B X±yXe
{
w − u1 ∈ W 1,1loc (0, 1) ∩ C0[0, 1]
−(w − u1 ) ≥ 0
mi D′(0, 1)
@  ACB
v[~V~VabmiVX&W7W$| @ d°Ô B XT£|tX
w − u1 ≥ 0
°wÂX&ejc±|tcgc jWX
un ≤ un−1 ≤ w
Á´egTVX&i·¤§lnryW
@  B |ti4enTVXW7rtirenryiVmpmefa>r¤
F
mi
r
ÁVXT|yX



un − un+1 ∈ W 1,10 (0, 1); (w − un) ∈ W 1,1loc (0, 1) ∩ C0[0, 1]
−(un − un+1)′′ + G(u′n+1) − G(u′n) ≥ 0
mi D′(0, 1)
− (w − un)′′ − G(u′n) ≥ 0
mi D′(0, 1)
@ K B
×§ñòÂ×Øâ
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j£c miV7iVrR @LA  B Á @)A  B enTX&iXT£|tX]¤§lnryW @ b B



un − un+1 ∈ W 1,10 (0, 1)
−(un − un+1)′′ + an(un+1 − un)′ ≥ 0
mi D′(0, 1)
an ∈ ∂G(t, u′n+1) ∈ L1(0, 1)
@ E; B
{
w − un ∈ W 1,1loc (0, 1) ∩ C0[0, 1]
−(w − un )′′ ≥ 0
mi D′(0, 1)
@ t B
v[~V~VabmiVX&W7W$| @ d°Ô B ÁdX±dXhdj£X
un+1 ≤ un ≤ w
mi
[0, 1]
TVmT0~Vlgr tXhc @ y B ¬ba$midjenmrtiÂ°
Ã W~rRabmiV$XhW7W7| @ d° EB ÁVX/ryijdX±egT|Re
un
mc[¬£ryjVidXmi
W 1,∞loc (0, 1) ∩ C0[0, 1]
midXh~£Xhid©
VX&iKena>r¤
n
°JSTVX&lgX¤§rylnXyÁyegTVX&lgX X¢dmc egc|cnjV¬cnXhoKjVX&i£XtÁdc enmÂVX&iVrtenXh0¬ba
(un)
¤§rtlcnmW7~Vm&mªefayÁVc j£T
egT|Re
un
&rti tXhlnyXhcegr
u
c enlgrtita4mi
L∞(0, 1)
m¤
n → ∞ °]v}pc r u′n+1
&rti tXhlnyXhcegr
u′
c enlgrtiVya
mi
L1loc(0, 1)
|ti|V° Xt°mi
(0, 1)
°STVXhi¤§lnryW'X&W7W$| @ V°  B X&rti&jVX±enT|e
u′n+1
&rti tXhlnyXhcenr
u′
c enlgrtiVya$mi
L∞loc(0, 1)
ÁV|ti
||u′n||L∞(a,b) ≤ K(a, b) ( c(a, b) + ||w||L∞(0,1) + ||f ||MB + ||w||L∞(0,1))
@ K B
TX&lgX
K(a, b) = 1/η
|ti
0 < η < a < η + b < 1
°
`bmi&X
G(t, .)
|ti
F (t, .)
|lgX]ryiKenmiKjrtjcmenTlnXc ~LXheegTVX efr|ycfe}|lgtjWXhiKegchÁyX]T£|tX}¤§ryl
|t
0 < a < b < 1
G(t, u′n+1) , F (t, un) → G(t, u′) , F (t, u)
|° Xy°
t ∈ (0, 1). @  EB
  i0enTXrenTX&lT|ti´Ád¤§ryl}|V° X
t ∈ (a, b)
|G(t, u′n+1(t)| ≤ max
|r| ≤C′ (a,b)
|G(t, r)| = θ(t) @ b B
|ti
|F (t, un(t))| ≤ max
|s|≤max( ||w||L∞(0,1), ||w||L∞(0,1))
|F (t, s) | = θ̂(t) @  EB
|ti
θ, θ̂ ∈ L1loc (0, 1)
¤§lnryW @LA ; B °JZ[cnmiV7wÂXh¬£Xc yjVX cdrtW7mi|RegX &rti tXhlnyX&i&X]STVXhrtlgX&W @ cnX&XMD %FHB Á
X|pc rT|yX
G(t, u′n+1), F (t, un) → G(t, u′), F (t, u)
mi
L1(a, b)
lgXhcn~£X"enm tXha @  	EB
Y[rRÁdXh|i~|tcgcenrenTXmW7mªe[mi @ t B Á|ti0mª¤
ϕ ∈ D (0, 1) mªegTcnjV~V~Lrtlner¤ ϕ ⊂ [a, b] enTVXhi
0 = limn→∞ 〈−u′′n+1 + G(u′n+1) − F (un) , ϕ 〉
= 〈−u′′ + G(u′) − F (u) , ϕ 〉
@  B
TX&lgX 〈., .〉 VX&iVregXhcenTVXdj|tmefa·~£|mlnmiVE¬LXefX&Xhi D′(0, 1) |i D(0, 1) °®STVmcryW7~VX&enXcegTVX~lnrbr¤f°
òò ÎVù ö9W û
A  !.P ! :
  .	/¯
$
 0 1  ! 
zi¦egTVmpccnXhenmrtiX>~VlgXhcnX&iKeenTX4ibjVW7X&lgmh|JW7X&enTVrd¦egr·cnrt tX7enTX4XhoKj|enmrti @LA B ° RrtlgW$|a·enTVX
menXhlg|enm tX]WX&enTVrdryicfeglnj£"e|cnXhoKjVXhiX r¤%ibjVW7Xhlnmp&|t;cnrtjdegmryic³rt¤ @  B mi
H10 (0, 1)
mªegT|/µlcfe
yjVXhcgcmTmpc|7c jV~LX&lcnrtjdenmrtir¤ @)A B ÁVmiryjVl}&|yc X|7cnrtjdenmrtir¤enTVX~Vlgrt¬XhW @)A EB °
STVXhienTVX|tyrtlgmªegTVW-&|ti0¬LX±¤§rtlgW/jVp|RegXh0miegTVX±¤§rtrRmiV7|²a >
A%B Rmi
w ∈ H10 (0, 1)
cnjT0enT|e >
− w′′(t) ≥ F (t, w) + f mi (0, 1) @  ACB
 B m tX&i
u0 = w
X4&rtW7~VjdegX0|EcnXhoKjVXhiXyÁ
(un)
ÁJcnrtjdenmrtimi
H10 (0, 1)
r¤egTVX4irtimiVX|l
XoKj|RegmryiN>
− u′′n+1(t) + Gn+1(t, u′n+1) = F (t, un) + f
mi
(0, 1)
@ t B
SregT­~Vlgrt¬XhW7c @  ACB |i @ t B |lgX/irtiVmiXh|lÁ;|i¨m¤ @  ACB T|yX/|4cnrtjdenmrti%ÁLmiEegTVX&rylnXhW
2.3X~Vlgr tXegT|Re @ t B T|tX}|tcnr|cnrtjdenmrtiÂ°	wÂX&ejccfe|lneJ¬ba&rticnmVX&lgmiV±egTVX}ibjVW7X&lgmp&|lnXc ryjdegmryi
rt¤~Vlgrt¬XhW @  ACB °
%  	   /6 ') 6" 
  !"
Sr]cnrt tX³enTVXiVryiVmiVX|lXhoKj|Regmryi @  ACB ÁRTVmT~VlgXhcnX&iKegcc ryW7XmiKenX&lgXhc enmiV dm>&jVªegmXc&ÁRXrti£c mpdX&l
egTVXY}X&egrtiW7X&enTVrd´° I®X&rtic enlgj"e7|­cnXhoKjVXhiX
wk
cnjTenT£|Re
wk
mpc|·c ryjVenmrtirt¤]|EmiXh|l
~lnry¬VXhW'|i£
wk
&rti tXhlnyXhc³enr
w
°
w%Xe
w0 = 0
ÁX/dX&µiVX
wk+1 = wk + δ
TVXhlnX
δ
mpcegTVXcnrtjdenmrti¨rt¤	enTVX/¤§rtrRmiV$miVX|l
~lnry¬VXhW?>
{
−δ′′(t) − ∂F (t,w
k)
∂r
δ(t) = (wk)′′(t) + F (t, wk) + f
mi
(0, 1)
δ(0) = δ(1) = 0
@ ; B
STX&i¨Xh|yTmªegX&l|Renmrti¨XT|yX±enr4cnrt tX±egTVXmiXh|l[~Vlnry¬VX&W @ ; B °}Sr$enTVmpc |mW Xryic mpdXhlnX|
Xh|t¥7¤§rtlgW/jVp|Regmryi0rt¤%egTVX~Vlgrt¬VX&W'|ti0µiVmenXXhXhWXhiKeW7X&enTVrd´°
Sr­cnmW7~Vmª¤§a·enTX$enX&¢KeX>lgX¤§rylnWjVp|RenX @ ; B mi¦enTX$¤§rtrRmiV¨|²a>µi
v ∈ H10 (a, b)
c jT
egT|ReC>
{
− v(t)′′ + c(t) v(t) = h mi (a, b)
v(a) = v(b) = 0
@ R B
TX&lgX
h ∈ MB(a, b)
ÁenTVX¨cnXe$r¤ µiVmenXW7XhcnjVlgXmi
(a, b)
Á|ti
c(t) ∈ L2(a, b) ÁmenTVryjde4|ibalgXhc enlgmp"enmrti0mime[c mti%°-I®X|tcgcnjVW7X
c∞ = ||c||L∞(a,b)
¬LrtjidXhÂ°
ziegTVX~VlnXbmryjc/cnXhenmrtiÂÁwÂXhW7W7| A ° A Ácg|mpVcegT|ReenTVX0~Vlnry¬VX&W @  B T|yX4|­cnrtjdegmryimi¯|
VrtW$|mi
(a, b)
cnW7|t´XhiVrtjtTÂ°
z¶¤
V = H10 (a, b)
enTX&ienTVXXh|t¥$¤§rtlgW/j|enmrti @ R B lnX|tVc >
µ£i
v ∈ V : a(v, w) = (h, w) ∀w ∈ V @ t B
×§ñòÂ×Øâ
 	
 ! #"%$&$')(*,+-.%$$')(/'01 3241# 5 
62879
:$ AEA
TX&lgXP>
(v, w) =
b∫
a
u v dx
@  EB
a(v, w) = (v′, w′) + (c(t) v, w)
@ y B
ST£|iV¥dcenregTVXq	rtmi&|tlnk miXhoKj|mefa>XT£|tXP>
(v′, w′) = ‖w′‖2L2(a,b) ≥
co
|b − a| ‖w‖
2
L2(a,b) =
co
|b − a| (v, w)
@  EB
|ti0mienTX&|tcnX±r¤enTVX¬VmmiVX|l¤§rylnW
a(w, v)
X±rt¬Veg|miN>
a(w, w) = (w′, w′) + (c w, w) ≥ ( co|b − a| − c∞)(w, w)
@  	EB
STX&i0enTVX¬VmmiVX|l¤§rylnW
a(w, v)
c TrtjVp4¬LXrbXhlg&m yX]m¤ |b − a| < c0
c∞
°
STVmpc lnXhW$|lg¥|tlnXr¤JtlgXh|e]miKenX&lgXhc ehÁ;¬LXhh|jcnXegTVX&aEh|iE¬LXX&¢d~VrymªegXhEenr4ry¬deg|tmi®|>ibjVW7X&lgmp&|
cnrtjdegmryi¨r¤ @  B jc miV|4dryW7|tmiEVXhryW7~£rKc menmrti¨egXhTVimoKjVXy°[zi­rtenTVXhl[rtlVchÁegTVmc]W7Xh|tic}egT|Re
egTVXdryW7|tmi~|tl egmªegmryicnTVrtj0¬£XVXenXhlnW7miVXh¬ba$egTVX¬£XhT|bmrylr¤ ∥∥∥∂F (wk)∂r
∥∥∥
∞
°
STVX7|mW r¤³enTVmpc±c X"enmrti­mc]enrmiyeglnrddj£XegTVX>`dTb|tl /r tX&lgp|~V~VmiV>dryW$|mi·dXrtW7~Lrycnmªegmryi
W7X&enTVrd D A  F |t~V~VmX>egr$~Vlnry¬VX&W @ R B °
Rmlgc e¨X¦dXh&rtW7~LrycnX
(a, b)
miN| cnXer¤
m
r tX&lgp|~V~VmiV¯cnjV¬ drtW7W$|mic
(ai , bi)
cnjT egT|Re
(a, b) = ∪mi=1(ai , bi)
|i
(ai , bi) ∩ (ai+1 , bi+1) 6= ∅STVXhiÂÁLmª¤
v0
mpc[|timiVmenmp|mcg|Regmryi¤§jVienmrtiEdX&µiVXhmi
(a, b)
|ti²|tiVmpc TVmiV>mi
a
|i
b
XdX&µiVX
¤§ryl
k ≥ 0 Á m cnXhoKjVXhiXc vki , i = 1, ...m
cnrt bmiVegTVX±¤§rtrRmiV~Vlgrt¬VX&W$c >
{
−(vk+11 )′′(t) + c(t) vk+11 (t) = h
mi
(0, b1)
vk+11 (a) = 0; v
k+1
1 (b1) = v
k
2 (b1)
@
  B
¤§ryl
i = 2, ...m − 1
{
−(vk+1i )′′(t) + c(t) vk+1i (t) = h
mi
(ai, bi)
vk+1i (ai) = v
k+1
i−1 (ai); v
k+1
i (bi) = v
k
i+1(bi)
@
:ACB
|ti
{ −(vk+1m )′′(t) + c(t) vk+1m (t) = h
mi
(am, 1)
vk+1m (am) = v
k+1
n−1(am); v
k+1
m (b) = 0
@
  B
STX R|lgm|enmrtiVi£|Â¤§rylnWjVp|Renmrti¨rt¤enTVXr tXhlnp|~~Vmi4`dTb|tl W7XegTVrd¨¤§ryl}enTX~Vlgrt¬XhW @ ; B &|ti
¬LXc eg|RegXh|tc¤§ryrR}c&ÁVcnXe
V = H10 (a, b)
Á
V 0i = H
1
0 (ai, bi), i = 1, ...m
|i
ai(v, w) =
∫ bi
ai
v′(t) w′(t) + c(t) v(t) w(t) dt
@
 ; B
òò ÎVù ö9W û
A  !.P ! :
 m tXhi
v0 ∈ V Ácnrt tX]¤§rtlX|tT k ≥ 0 >
ηk1 ∈ V 01 : a1(ηk1 , w1) = (f, w1) − a1(vk, w1); ∀w1 ∈ V 01
@
  B
vk+
1
2 = vk + η̃k1
@
  B
¤§ryl
i = 2, ...m − 1
ηki ∈ V 0i : ai(ηki , wi) = (f, wi) − ai(vk , wi); ∀wi ∈ V 0i
@
EB
vk+
1
2 = vk + η̃ki
@
  B
ηkm ∈ V 0m : ai(ηkm, wm) = (f, wm) − ai(vk, wm); ∀wm ∈ V 0m
@
EB
vk+1 = vk + η̃km
@
	EB
TX&lgX
η̃ki
VX&iVrtenXhcegTVXX¢begX&icnmryi0rt¤
ηki
¬ba
0
mi
(a, b) \ (ai, bi)
°
SrcnmW~m¤§atÁmªegTVrtjderyc e rt¤³tXhiVX&l|mefatÁ;X7|tcgcnjVW7X/egT|ReXh|i·&rticnmpdX&l|4efrdrtW$|tmic
VXhryW7~£rKc menmrti
(a, b) = (a, β)
⋃
(α, b)
cnjT0enT|e >
α < β
|ti
(β − a), (b − α) < min( c0
c∞
,
π
2
√
c∞
)
@ R B
STX&iÂÁ´m¤
v0
mpc±|iEmiVmenmp|m|Renmrti­¤§jVienmrti·VXµiVX­mi
(a, b)
|i ²|tiVmpc TVmiV0mi
a
|i
b
X7dX&µiVX
¤§ryl
k ≥ 0 Á 2 cnXhoKjVX&i£Xhc vki , i = 1, 2
c ry bmiVenTVX±¤§ryrRmi~Vlgrt¬XhW7c >
{
−(vk+11 )′′ (t) + c(t) vk+11 (t) = h
mi
(a, β)
vk+11 (a) = 0; v
k+1
1 (β) = v
k
2 (β)
@  ACB
|ti
{
−(vk+12 )′′(t) + c(t) vk+12 (t) = h
mi
(α, b)
vk+12 (α) = v
k
1 (α); v
k+1
2 (b) = 0
@  B
Y[rR enr~Vlgr tX/enTVX$ryi tX&lgtXhiX/r¤³egTVX>`dTb|tl r tXhlnp|~V~miV0drtW$|mi¦dXh&rtW7~£rKc menmrti®|trt©
lgmenTVW |~V~VmXh4enr$~Vlgrt¬VX&W @ R B XryicnmdXhlefr7~Vlgrt¬VX&W$c >
{
− v1(t)′′ + c(t) v1(t) = h ∈ (a, β)
v1(a) = 0 ; v1(β) = v2(β)
@ ; B
|ti >
{
− v2(t)′′ + c(t) v2(t) = h
mi
(α, 1)
v2(α) = v1(α), v2(b) = 0
@ ² B
w%Xe
v
¬LX
v =
{
v1
mi
(a, β)
v2
mi
(α, b)
v1 = v2
mi
(α, β)
@  B
I menT0enTX lgXhc enlgmp"enmrti @  B X±&|ticnjV~V~LrycnX[egTVX±X¢dmpcfegX&i&X]rt¤|c ryjdegmryi4rt¤ @ ; B mi
C(a, β)
|i£0|
cnrtjdegmryi0rt¤ @ R B mi
C(α, b)
°
×§ñòÂ×Øâ
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
a, b, α

β
U1
H 
H:?$
69
6  !*   : 
1 $7  vk9
 9$ 
 
v
1
C(a, β)
 
C(α, b) qJlgrbr¤)>
w%Xe
dk = vk1 − v
mi
(a, β)
|ti
ek = vk2 − v
mi
(α, b)
°
I®X~Vlgr tX]enTVX±¤§ryrRmimiVXoyj£|mªefa>
||dk+2||∞ ≤ γ ||dk||∞
|ti ||ek+2||∞ ≤ γ ||ek||∞ @  EB
TX&lgX
γ < 1
°
STVXVm;X&lgX&i&X
dk
cg|Renmpc µXhcegTVX±¤§rtrRmiVXhoKj|enmrtiÂ°
{
− dk+1(t)′′ + c(t) dk+1(t) = 0 mi (a, β)
dk+1(a) = 0
|ti
dk+1(β) = vk2 (β) − v(β) = ek(β)
@ t B
|ti
ek
cg|Renmpc µXhc|7cnmW7m|tlXhoKj|Regmryi0mi
(α, b)
>
{
− ek+1(t)′′ + c(t) ek+1(t) = 0 mi (a, β)
ek+1(α) = vk1 (α) − v(α) = dk(α)
|i£
ek+1(b) = 0
@  EB
z¶¤	X&rticnmpdX&lenTX±¤§rtrRmiVXhoKj|RegmryiN>
{
−ϕ(t)′′ − c∞ ϕ(t) = 0
mi
(a, β)
ϕ(a) = 0
|i
ϕ(β) = |ek+1(β)|
@  	EB
egTVX&i
ϕ(t) = |ek+1(β)| sin(
√
c∞ (t − a))
sin(
√
c∞ (β − a))
ÁdenTVmpc}cnrtjdenmrtimpcjViVmpoyjX|i~Lrycnmªegm yX m¤
(β − a) < π
2
√
c∞
°ziegT|Re[h|tcnX ||ϕ||∞ = |ek+1(β)| °
STVXVm;X&lgX&i&X
z = ϕ − dk+2 mcegTVXc ryjVenmrtir¤)>
{
− z(t)′′ + c(t) z(t) = (c(t) + c∞) ϕ(t)
mi
(a, β)
z(a) = 0
|ti
z(β) = |ek+1(β)| − ek+1(β)
@
  B
uXh|tlna
z ≥ 0 m¤ (β − a), (b − α) < min( c0
c∞
,
π
2
√
c∞
)
°JSTX&i
dk+2 ≤ ϕ ≤ |ek+1(β)| °
z¶¤	iVrR
z = ϕ + dk+2
X±T|tX
{
− z(t)′′ + c(t) z(t) = (c(t) + c∞) ϕ(t)
mi
(a, β)
z(a) = 0
|ti
z(β) = |ek+1(β)| + ek+1(β)
@
:ACB
v[cnr
z ≥ 0 |i£ −ϕ ≤ dk+2(t) Á ∀ t ∈ (a, β) °STVXhienTVXmiVXhoKj|tmefa ||dk+2||∞ ≤ |ek+1(β)| ≤ ||ek+1||∞ TVrtpVch°Sr$~Vlgr tX}egT|Re |ek+1(β)| ≤ γ ||dk||∞ menT γ < 1 X±&rticnmpdX&legTVXXhoKj|enmrtiN>
{
−φ(t)′′ − c∞ φ(t) = 0
mi
(α, b)
φ(α) = |dk(α)| |ti φ(b) = 0
@
  B
òò ÎVù ö9W û
A  !.P ! :
STX]cnrtjdenmrti>rt¤ÂenTmcXhoKj|enmrti>mpc³ym yX&i>¬ba>
φ(t) = |dk(α)| sin(
√
c∞ (b − t))
sin(
√
c∞ (b − α))
°STVmpccnrtjdenmrti4mc
~Lrycnmenm tX±mª¤
(b − α) < π
2
√
c∞
|ti>egTVX&i
φ(t) ≥ |ek+1(t)| ∀ t ∈ (α, b) °
veegTVmc[cfegX&~X&rticnmVX&l
z = φ − ek+1 °JSTX&i z mcegTVXcnrtjdenmrtir¤)>
{
− z(t)′′ + c(t) z(t) = (c(t) + c∞) φ(t)
mi
(α, b)
z(α) = |dk(α)| − dk(α) , |ti z(b) = 0
@
 ; B
uXh|tlna
z ≥ 0 |i4enTX&i φ(t) ≥ ek+1(t) ¤§rtl}| t mi (α, b) °z¶¤JiVrRNX/ryic mpdXhl
z = φ + ek+1
XT|yX|pc r
z ≥ 0 ¬LXhh|jcnX z(t) mpcegTVX/cnrtjdenmrti¨rt¤egTVX¤§ryrRmiVXoKj|RegmryiN>
{
− z(t)′′ + c(t) z(t) = (c(t) + c∞) φ(t)
mi
(α, b)
z(α) = |dk(α)| + dk(α) , |ti z(b) = 0
@
  B
STX&i |ek+1(t)| ≤ φ(t) mi (α, b) |i£ |ek+1(β)| ≤ φ(β) ≤ γ |dk(α)|
menT
γ =
sin(
√
c∞ (b − β))
sin(
√
c∞ (b − α)
°JSTVX&rbX >mX&iKe
γ
mc[c W$|X&lenT|tirtiVX±rtia>m¤
α < β
°
zi¨ryijcnmryi0menTegTVXlnXcfeglnmp"egmryi @ R B XT|tX ||dk+2||∞ < ||dk||∞ °Z]c miV0enTVX$cg|W7X/egXhTVimoKjVXX~Vlgr tX/enT|e ||ek+2||∞ < ||ek||∞ mª¤XT|tX @  B ° Rmlcfe±X~lnr yX[egT|Re ||ek+2||∞ ≤ |dk+1(α)| °³SrenTVmpc}|mW'Xryic mpdXhlegTVXXhoKj|enmrtiN>
{
−λ(t)′′ − c∞ λ(t) = 0
mi
(α, b)
λ(α) = |dk+1(α)| |i λ(b) = 0
@
  B
STXcnrtjdegmryi¯mpcym yX&i«¬Ka
λ(t) = |dk+1(α)| sin(
√
c∞ (b − t))
sin(
√
c∞ (b − α))
° STVmpc7c ryjdegmryi«mpc~£rKc menm tXm¤
b − α < min( c0
c∞
,
π
2
√
c∞
)
°
z¶¤
z(t) = λ(t) + ek+2(t)
egTVX&i
z(t)
mcegTVXcnrtjdenmrtir¤enTVX±¤§ryrRmiVXoKj|RegmryiN>
{
− z(t)′′ + c(t) z(t) = (c(t) + c∞) λ(t)
mi
(α, b)
z(α) = |dk+1(α)| + dk+1(α) |ti z(b) = 0
@
EB
uXh|tlna
z ≥ 0 mª¤ (b − α) < min( c0
c∞
,
π
2
√
c∞
)
°
z¶¤	iVrR
z(t) = λ(t) − ek+2(t) enTVXhi z(t) mpcenTXc ryjdegmryi0rt¤egTVX±¤§rtrRmiVXhoKj|enmrtiN>
{
− z(t)′′ + c(t) z(t) = (c(t) + c∞) λ(t)
mi
(α, b)
z(α) = |dk+1(α)| − dk+1(α) |ti z(b) = 0
@
  B
egTVX&i
z ≥ 0 m¤ (b − α) < min( c0
c∞
,
π
2
√
c∞
)
°
z¶e}mpc}|iXh|yc a0rti£c XoyjX&i&X[egT|Re |ek+2(t)| ≤ λ(t) |tiX&rti&jVX ||ek+2||∞ ≤ |dk+1(α)| °
×§ñòÂ×Øâ
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:$ A 
Y[rRX~Vlgr tX³enT|e |dk+1(α)| ≤ γ |ek(β)| °Sr enTVmpc	|mW X&rticnmVX&lenTVX¤§rtrRmiV]~Vlgrt¬VX&W?>
{
− η(t)′′ − c∞ η(t) = 0
mi
(a, β)
η(a) = 0
|i£
η(β) = |ek(β)|
@
EB
STXcnrtjdenmrtimpctm tX&i¬ba
η(t) = |ek(β)| sin(
√
c∞ (β − t))
sin(
√
c∞ (β − a))
°STmcc ryjVenmrtimpc%~Lrycnmenm tX³m¤
β−a <
min(
c0
c∞
,
π
2
√
c∞
)
°
z¶¤
z(t) = η(t) + dk+1(t)
enTVXhimªe  cegTVXcnrtjdenmrtir¤enTVX±¤§ryrRmiXoKj|RegmryiN>
{
− z(t)′′ + c(t) z(t) = (c(t) + c∞) η(t)
mi
(a, β)
z(a) = 0
|ti
z(β) = |ek(β)| + ek(β)
@
	EB
STX&i
z ≥ 0 m¤ (β − a) < min( c0
c∞
,
π
2
√
c∞
)
°/zi­enTVX$cg|W7X|²amª¤
z(t) = η(t) − dk+1(t) mªe 
egTVXcnrtjdenmrtir¤)>
{
− z(t)′′ + c(t) z(t) = (c(t) + c∞) η(t)
mi
(a, β)
z(a) = 0
|ti
z(β) = |ek(β)| − ek(β)
@
	  B
STX&i
z ≥ 0 m¤ (β − a) < min( c0
c∞
,
π
2
√
c∞
)
°
I®Xry¬deg|tmiEenT|e |dk+1(t)| ≤ η(t) ¤§rtl]|t t ∈ (a, β) |iegTVX&i |dk+1(β)| ≤ γ |ek(β)| menT
γ =
sin(
√
c∞ (β − α))
sin(
√
c∞ (β − a)
°JSTVXrbX $&mXhiKe
γ
mccnW$|XhlenT|tiryiVX±rtiVa>m¤
α < β
°
I®X[ryijdX}enT|eJenTVX `dTb|tl r tXhlnp|~~Vmi dryW$|mi>dXh&rtW7~£rKc menmrti7W7XegTVrd$|~V~mXhegrenTVX
~lnry¬VXhW @  B ryi tX&lgtXc&°
  	   /6 '0"6!"@ 
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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w%Xe
V
¬LX
H10 (0, 1)
|i
w̄ ∈ H10 (0, 1)
|4cnrtjdenmrti·r¤enTX~Vlgrt¬XhW @  ACB °v}~~VmiV0enTVX7Y}Xhenryi
W7X&enTVrd0enr$cnrt tX enTVXXoKj|Regmryi @ y B X±rt¬de|mi4egTVX±¤§rtrRmiV$|trylnmenTW >
{
u0 = w̄
u0k+1 = uk
@
	:ACB
|ti
uk+1
mcegTVXmW7me}r¤%egTVXcnXhoKjVX&i£XP>
ui+1k+1 = u
i
k+1 + θ
@
	  B
TX&lgX
θ
mpcenTVXcnrtjdegmryi0rt¤egTVXmiVX|lXhoKj|enmrtiN>



−θ(t)′′ + ∂Gk+1(t,u
i
k+1
′
)
∂r
θ(t)′ = −Gn+1(t, uik+1
′
) + uik+1
′′
+ F (t, uk) + f
θ(0) = θ(1) = 0
@
	 ; B
òò ÎVù ö9W û
A  !.P ! :
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.000
0.232
0.463
0.695
0.926
1.158
1.389
1.621
1.852
2.084
2.315
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++
++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
computed solution
computed super−solution
+
RmtjVlgX A >«X¢V|W7~VX
f = 8. ∗ δ 1
3
Á W  A 
 	   /6 '16!'
STX]|trylnmenTW miKenlgrbVjX$mi>enTVX ~VlgX bmryjcJcnXhenmrti>T|yc³¬LX&Xhi>mW~XhWXhiKenXh4ibjVW7X&lgmh|a¤§rtlenTVX
W7rddXh´~Vlnry¬VX&W @ ; B menT
p = q = 3
|i£
f = δ 1
3
°
{ −u′′(t) + |u′(t)|q = |u(t)|p + δ 1
3
mi
(0, 1)
u(0) = u(1) = 0
|i
p = q = 3
@
	  B
STVX$ibjVW¬£Xhlr¤c jV¬;dryW7|tmi£c±mc±iVrte±µV¢dXh´ÁmªecT|iVyXhc±|ReX|tT­menXhlg|enmrti¦|thrtldmiV>egrenTVX
&lnmenXhlnmrti @  B °	ziµyjVlnX A me³&|ti¬LXrt¬£c Xhl yXh/enTVX}cnT|~LXr¤LenTX}c jV~LX&ln©c ryjdegmryi|tienTVX]c ryjdegmryi
TX&i0enTVX|tyrtlgmªegTVW'ryi tX&lgtXc³menT
m = 10
c jV¬V©¶dryW$|mic&°
Sr¯c enjda«enTX·ryi tX&lgtXhiXTVmpc enrtlga¯rt¤±enTVXEibjVW7Xhlnmp&|t]cnmWjV|enmrti ~VrenenXh2mi µyjVlgX A X
&rticnmpdX&lefrEc enX&~£c&°zi¦enTX>µlcfe/c enXh~ÂÁ	TVX&lgX>X>ryW~jdenX|¨c jV~LX&ln©c ryjdegmryiÂÁX$ry¬c Xhl yX7enTVX
Xtryjdegmryi¨r¤egTVXibjVW¬£Xhl]rt¤³c j¬d©¶VrtW$|mic >mªe±trbXhc}¤§lnryW
m = 2
cnjV¬d©dryW7|tmi£cenr
m = 10
c jV¬V©
VrtW$|mic mi®µ yX7mªegX&l|Renmrti£c |y&&rtldmi4egr&lnmenXhlnmrti @  B °4`bmW/j|enmrti¦cfegrt~c|¤ØenX&l
17
menXhlg|enmrtic
TX&i0enTVXlgXhcnmVj|´mpcr¤enTVXrylgVX&l
10−11
°
ziegTVXcnXh&rti/cfegX&~ÂÁRc eg|lnenmiV}menTenTVXc j~£Xhl ©c ryjVenmrtiryW~jdenXmienTVX~VlnXbmryjc%c enXh~X³~£Xhl ©
¤§rylnW¡iVmiVX[menXhlg|enmrtic³r¤´egTVX#JrKc TmV|/|~V~Vlgr²¢dmW$|enmrti$dXhcglgm¬£X7mic X"enmrti4/|iegTVX±c mW/jVp|Regmryi
c enry~cTVXhi0egTVXrylnlgXhenmrti0&rtW7~VjdegXhmpcmijViVm¤§rtlgW'irtlgW-r¤enTVXrylgdXhl
10−11
°
zi$µ£tjVlgX[ X]rti£c mpdX&lJenTVX cn|tWXX&¢dX&W7~VXtÁK¬Vjde³mi$enT£|Reh|tcnXX[|tjdenrtenmpc X}|W7|¢dmWjVi$r¤;efr
cnjV¬;drtW$|tmich°³uX|lga>enT|7p|tcgcnmh|;W7XenTrb0¤Ê|tmpcenr$&rtW7~VjdegX|cnrtjdegmryiÂ°
×§ñòÂ×Øâ
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:$ A 
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
−42691
−36106
−29522
−22938
−16354
−9770
−3186
3399
9983
16567
23151
computed super−solution
RmtjVlgX>	X¢V|tW~X
f = 8. ∗ δ 1
3
Á W  ±
zienTXiVX¢be}X¢dXhW~X±X W7rddmµX±enTX±¤§jVi"egmryi
G
|ti
F
miegTVX±¤§rtrRmiV|²a>
{
−u′′(t) + α(t) |u′(t)|q = β(t) |u(t)|p + f mi (0, 1)
u(0) = u(1) = 0
@
	  B
TX&lgX
p = 3, q = 4
|i£ >
α(t) =
{
0
mi
(0, 0.5)
10 ∗ (t − 0.5) mi (0.5, 1)
@
	EB
β(t) =
{
36 ∗ (0.5 − t) mi (0, 0.5)
0
mi
(0.5, 1)
@
	  B
zi«µtjlnX ;­me7h|i«¬£Xrt¬£c Xhl yXh®enTXcnT|t~£Xr¤}egTVX¨c j~£Xhl ©c ryjVenmrti¯|tiegTVXcnrtjdegmryi¯TVXhi
egTVX>|trylnmenTW_ryi yX&lgtXc[menT
m = 7
cnjV¬d©dryW7|tmi£c&°$zi®enTX$µlcfec enX&~%ÁTVXhlnX$X$ryW~jdenX>|
cnjV~LX&lc ryjVenmrtiÂÁRXh|irt¬cnX&l tXmi/µtjVlgX[egTVXX tryjVenmrti/rt¤VenTXibjVW¬£Xhl	r¤LcnjV¬;drtW$|tmiclgXhoKjVmlnX
egr4cg|Renmpc µXhc]lgmªegX&lgmryi @ R B °[ve}egTVXµ£lgc e]menXhlg|enmrtienTVXibjVW/¬LX&l]r¤³cnjV¬d©drtW$|mic}|tlnXefr£Á£|Re]enTVX
µ¤ØenT¨menX&l|Regmryi0XT|yX[¤§ryjVl[cnjV¬d©drtW$|mic|ti|R¤ØenTX&lenTXX&mtTKenXhX&iKenTmenX&l|Regmryi0XlgXh|tTcnX tXhi
cnjV¬d©dryW7|tmi£c&ÁKenTX|trtlgmenTVW7Xryi yX&lgtXc³|ReegTVX±efX&iKenmXegT0menXhlg|enmrtiÂ°
`Ke|lnenmiVmenT$egTVX]cnjV~LX&lc ryjVenmrti$ryW~jdenX$mi7egTVX}µ£lgc ec enX&~4X}~LX&ln¤§rtlgW¡X&X tXhi7mªegX&l|Renmrti$rt¤
egTVX]cnXh&rti$c enXh~ @ t B °URrtl³X|tT$menXhlg|enmrti7r¤´egTVX#JrKc mpV||t~V~Vlgr²¢bmW$|Regmryi @  B X[~£Xhl ¤§rylnW |¬Lrtjde
egTVlgX&X]c enXh~>r¤%enTVX Y}X&egrti0WX&enTVrd´°STVX±cnmWjV|enmrti>c enry~c³TX&i>egTVX]&rtlglnX"egmryi>rtW7~VjVenXh>mcmi
jiVmª¤§rylnW'iVrtlgW-r¤	rtldXhl
10−11
°
òò ÎVù ö9W û
A  !.P ! :
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.000
0.147
0.295
0.442
0.589
0.736
0.884
1.031
1.178
1.325
1.473
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
+++
++++
++++
++++
++++
++++
++++
++++
++++
+++
+++
++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
computed solution
computed super−solution
+
RmyjVlnX;>¯X¢V|tW~X
f = 5. ∗ δ 1
2
Á W  dÁ ~  3;VÁ o  ]
1.0 2.9 4.8 6.7 8.6 10.5 12.4 14.3 16.2 18.1 20.0
2.0
2.5
3.0
3.5
4.0
4.5
5.0
5.5
6.0
6.5
7.0
evolution of the number of sub−domains
RmtjlnX±>«X¢V|W7~VX
f = 5. ∗ δ 1
2
Á W 
×§ñòÂ×Øâ
 	
 ! #"%$&$')(*,+-.%$$')(/'01 3241# 5 
62879
:$ A 	
  (R	0#
D A9F Y/°tv}p|t|Á2Q
6P  7
6$!910 5 
6799$  + #11	9$' 5 P %/.G3O. P	E


TP 	9$ 9$$"ÁSTVUc XdX ¿ rd"enrylg|ehÁVZ[iVm yX&lc menkdXY]|i&a>z"Á A 		 °
DÔ F Y/°bv[|y|VÁd\°bqJmX&lglnXyÁ ? '$0
 )(!$7%$1#1 91# 5
 79
:$ U1
1 E
 M +$	9$"°`bzfv[\ £°V\E|RegTÂ°v}i£|B°
 4 @LA 	 	 ; B ÁV;
;yV°
D ; F Y/°Vv}p|t|VÁV\°dztjVXhlni|tiVXtÁ ? !59C$#
6$)(3$7%$1#145	0#M79
:$U1
H,E
  %$	9$°V£°dziVXoyj£|B°VqJjVlgXv}~V~VB°£\­|RenT%° ' @ tty B °
D  F v/°GSXhic ryjcgcn|tiÂÁyw³° Srd&h|ldrÁGR°K\¨jlg|ehÁ4   #1  5
6  !9	
6 7
6T+
1   
 P	,U
H 
 9'$   
P $#
6£°%v}iiÂ°Âzic eh° "[X&iVlgmJq	rtmi&|tlnk 9 @)A 	 	EB Á
;tb
;  °
DÔ F w³° Srd&&|tlgVrÁ8R°\¨jVl|ReÁ}°q	°q³jVX&BÁ 2#.E&$
  ,$#
$*(9 $ 79$1#1  5:	#
7
6:$"°Y[rtiVmiVXh|tlv[i|adc mpcSTVXhrtlga4\¨XegTVrd|iv}~V~mp&|enmrtic  ' @)A 	 	EB Á;b;
; 	 d°
D F "/°SlnX &mpc&Á ! #"%$ (9 
91 '
HM
45P5#
6:$"Á;\E|tcgcnrtiÂÁ A 	  ;°
D  F q	°ES|tlg|yc&Á\°tqJmXhlnlgXtÁ +1
	9$! /.P1
$
  3P $#
6$5:$1
 $ 5: P9$7
6$8$9  +
#11	9$"°£v}ii|Xhc8RrtjVlgmXhl  lnXhiVrt¬VX  4 @LA 	   B Á A 	  
Vy  °
D F \° ¿ lgahs |Á S ° R°%`dWmenT%Á   °NS °I mdjViÂÁ   ?#"%$&$O)( 1
 9
6 % $$
69
61   +
 1
HG'$3(9?1# 5 
6 5	 $ 1 
1	 19$:$"°³`bzfv]\ £°	Y[jVW7X&l°v[i|B° '  @)A 		  B Á
A  
 A 	 £°
D 	F \° ¿ lgas |VÁ   ° S ° I mdjViÂÁ'M1 E/5%$1
6  E1
1$ U1
1,$M1 % 5L°Â`bzfv[\
£°`dmB°LuryW~jdeh°Á 9 @)A 		  B Á  
  tV°
D A  F \°  |ydiVX&lÁP  (9 	  .G
U1
1  5E5 1 *$65 #1
6
61 U(9 	E9
6O 8G$O79 +

6$°£Y}jVW7X&lgmp&|Âw%miXh|lv[yX&¬Vl|mªegTv[~V~Vmh|Regmryic ; Y}l[ @LA 		 ; B Á A t
 A Kd°
D APAF `´° v/°Kw%X bmi%ÁKSTÂ°  ° "[|p|WÁKw³° £°  lgrycgchÁ Q5P5#,
19
6 28  P"R°SmryW7|enTVXhW$|Renmp&c
 Á`d~VlnmiVyX&lxX&lgp|Á A 		 °
D A  F q	° wJ°Jw%mryic&Á  9$#
6 E5 	09!$,910 5 
6799$?7%$1#11	9$°Jv[lgT%°{}|enmrti|t\EXhTÂ°
v[iVÌ°   4 @LA 	  B ÁG;E;yR© ;K;V°
D A ; F q	° wJ°tw%mryichÁ"4
1#   3#
  
61  9
H:C  °Rzi{ry|ti  rRmic ¥bmBÁ  X&iX "/°  rtjV¬ÂÁ khlg|tlgEv/°´\¨X&jVl|iKe|i·°;q	k&lgmp|jd¢¨XhVmªegrtlc&ÁNRmlgc e ziKegX&lgi|Regmryi|`babW7~£rKc mjVW rti ¿ ryW$|mi
¿ Xh&rtW7~£rKc menmrti$\¨X&enTVrdVc¤§rtlJq|lnenmX& ¿ m LXhlnXhiKenmp| Ã oyj£|Renmrti£c&Áb`bzfv[\ qJTmp|tdXh~TVm| @LA 	 EB Á A 

b
D A  F £° ¿ °\EjVlnl|²atÁ$ 
H:
6&%/. P"RÁL`b~lnmiVtXhlxX&lg|tÁ A 	 	 ;°
D A  F v/°(']j|lnenXhlnryiVmÌÁKv°bxJ|mÌÁ) 1 E/5%$1
6*,
H:C%$-(9 +8
6(  	9 
2879 +

6$Á   ¢K¤§rylg`dmX&i£XqJjV¬mp&|enmrtichÁ A 	 		 °
òò ÎVù ö9W û
t !.P ! :
D A F S °£`dWmenT%ÁVq	° Ssfrtlcfe|t´ÁGI°  lgrt~~ÂÁ('M1  /5%$1
6  +81  #
61  % 
1 $(9!2Q1# 5 
6 +8
	  99 
 287
6:$"Á´u|W/¬lnmpdtX±Z}im yX&lc mefa$qJlgXhcgc&Á A 		  °
D A  F q	° I mªegrtW$cn¥KmBÁ  *.O $0
   79ME79 7$45	!M9$ + #11	9$"ÁLSTVUc X
 Ã e|RehÁ£Z}iVm tXhlgcnmªegk`dmX&iKenmµ£oKjVXX&e[\¨khdmp&|tXdX  lgX&irt¬VXtÁ A 	 ;°
    6 2" 
STmcrtlg¥$|ycc j~V~£ryl egXh0¬ba>enTX*RVlgX&iT  lg|tiKe&v"egmryi0ziKenkhtlgk&X±\Evy;P;	R°
×§ñòÂ×Øâ
Unité de recherche INRIA Lorraine
LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)  	


  
ISSN 0249-6399
